We consider Higgs models on a lattice in 3 or 4 dimensions. Higgs scalars are assumed to transform trivially under a finite subgroup F of the compact gauge group G. We adopt 't Hooft's definition of the Higgs phase, it is characterized by a nonvanishing free energy per unit length (area) of a vortex in 3 (4) dimensions. By using a Peierls argument we show that the models are in the Higgs phase in this sense for suitable coupling constants.
Introduction and Summary of Results
Since the invention of lattice gauge theories [1, 2] many attempts have been made to determine their phase structure (see for example [3] [4] [5] ). The question, how to characterize the different phases, is more difficult to answer for lattice gauge models than for spin models and was investigated by several people.
Recent work of Mack and Petkova [6] and of 't Hooft [7] suggests to classify the phases of pure lattice gauge theories by the dependence of the free energy of a system in a box or vortex container on certain boundary conditions. This is reviewed in Sect. 3 of this paper, including fundamental scalar fields (Higgs fields) coupled to the gauge field in a gauge invariant way. We consider gauge fields on a lattice in 3 or 4 dimensions. The gauge group G is a compact group with nontrivial center. If a Higgs field is included, it is assumed to transform trivially under a nontrivial finite subgroup F of the center of G. The theory then possesses F-vortices. The system is considered on a finite lattice A with some boundary conditions. A may either be a vortex container of [6] with fixed boundary conditions on 0A, or a torus as in [7] , where the boundary conditions for the gauge field specify transition functions of a fibre bundle. Then a change of the boundary conditions is defined by certain singular gauge transformations with elements of F. It has the effect to change the * Supported by Studienstiftung des Deutschen Volkes vortex content (the vorticity) of the system by a definite amount. Now one asks how the free energy of the system changes under the singular gauge transformations. This change gives a quantitative measure for the free energy of a vortex, which is used to characterize different phases. According to 't Hooft's definition the system is in the Higgs phase if the free energy of a vortex per unit length resp. area does not tend to zero in the limit of infinite width.
In sect. 4 we investigate models with Higgs fields. We show that the Higgs phase exists at low temperatures by using a Peierls argument. On the other hand it can be shown [8] that the high temperature phase is not a Higgs phase. These results support the idea that above is a useful definition of a Higgs phase.
In Sect. 5 we discuss the relationship between the Higgs phase of v-dimensional lattice gauge theory and spontaneous breakdown of a global F-symmetry in v-1-dimensional Heisenberg models with fluctuating couplings.
The reader should be warned not to confuse the Higgs phase in 't Hooft's sense with the Higgs mechanism. What is popularly called Higgs mechanism does not imply that the system is in a Higgs phase. In particular, one speaks of a Higgs mechanism even for models where the stability group F of the scalar fields is trivial--such as for instance a SU(2) gauge theory with a Higgs doublet. On the other hand, if F is trivial the model with the scalars has no Higgs phase in 't Hooft's sense by definition. In Higgs models of this type the high temperature region is linked continously to a region of coupling parameters, where the Higgs mechanism takes place according to conventional wisdom. See the discussion in [9] . Nevertheless in such a model there can be different phases. Their existence has been established for the Zz-Higgs model [10] . The second phase is obtained from the Higgs phase of the pure Z 2 gauge theory without the scalars by convergent perturbation theory in the effect of the scalar field.
We would like to add a remark on possible criteria It is believed that condensation of these vortices is sufficient for confinement [13, [6] [7] [8] . This question can be investigated through the free energy of Yang-Mills vortices on a torus by considering free boundary conditions for the matter fields and cyclic resp. anti-cyclic (twisted) boundary conditions for the gauge field (see Sect. 3). This might be an interesting criterion for confinement, if dynamical quarks exist in the theory.
2-Dimensional Ising Model and 3-Dimensional Z z. Lattice Gauge Theories as Introductory Examples a) The 2-Dimensional Ising Model
Consider a 2-dimensional square lattice A with spin variables a(x)= _+ 1 at the lattice points xeA.
The Hamiltonian is H = -J Z a(x)a(y), J>0
(2.1) (xy> (xy) :pair of nearest neighbour lattice points and describes ferromagnetic coupling. In the statistical mechanics of this model the probability measure on the space of configurations is given by the Boltzmann factor 1 --e-.R (2.2) Z where Z = ~e-~n, fi = k~f the inverse temperature.
The correlation function is ( a(x)aCy) ) = l ~ a(x)a(y)e-~" (2.3)
It is well known that the Ising model has a critical point fi~,. At small temperatures fi-1 we have an ordered phase with spontaneous magnetization
[x-yl-*~ whereas at high temperatures there is a disordered phase without spontaneous magnetization. Peierls [11] was the first to give an argument for long range order at low temperatures and we will use his idea of contours in the following discussion. A Peierls contour is defined to be a set of links b=(xy) such that a(b):=a(x)a(y)=-l. On the dual lattice a Peierls contour is closed (Fig. 1) where N is the number of Peierls contours intersecting cs an odd number of times, and therefore
Pu is the probability that N contours wind around x or y (not around both). Obviously contours which do not wind around x or y are of no interest (Fig. 1) . Formula (2.7) expresses the correlation function through the probability distribution of contours.
If there were no contours, (a(x)a(y)) would be 1 identically. A suppression of long contours would lead to the result that the correlation function tends to a non-zero constant for large I x-yl. On the other hand, if contours of arbitrary length are abundant, the correlation function goes to zero exponentially.
Peierls showed that long contours are suppressed at low temperatures and that there is spontaneous magnetization. A quantitative measure of this suppression is the free energy of a contour per unit length. It is defined in the following way. Consider a finite lattice of length l and width t :x = (x 1 , x2), 0 < x 1 < l, 0<x 2 <t. Impose periodic boundary conditions in the xl-direction, whereas in the xz-direction the boundary conditions are a(x 1,0)=a(x 1,t)~, 7= +1 (2.8)
The system now lives on a torus T 2 and the boundary conditions fix transition functions for a fiber bundle over T 2, which is nontrivial if y = -1. In this case every closed curve which winds around the torus in the x2-direction contains an odd number of links with ~r(b)= -1. From this follows the existence of an odd number of Peierls contours winding around the torus in the xl-direction. In the case 7 = + 1
